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We explore photon coincidence counting statistics in the ultrastrong coupling regime, where the atom-
cavity coupling rate becomes comparable to the cavity resonance frequency. In this regime, usual normal
order correlation functions fail to describe the output photon statistics. By expressing the electric-ﬁeld
operator in the cavity-emitter dressed basis, we are able to propose correlation functions that are valid for
arbitrary degrees of light-matter interaction. Our results show that the standard photon blockade scenario
is signiﬁcantly modiﬁed for ultrastrong coupling. We observe parametric processes even for two-level
emitters and temporal oscillations of intensity correlation functions at a frequency given by the ultrastrong
photon emitter coupling. These effects can be traced back to the presence of two-photon cascade decays
induced by counterrotating interaction terms.
DOI: 10.1103/PhysRevLett.109.193602 PACS numbers: 42.50.Pq, 03.67.Lx, 42.50.Ar, 85.25. j
The quantum theory of photodetection and optical coher-
ence as originally formulated by Glauber [1] is central to all
of quantum optics and has occupied a key role in under-
standing radiation-matter interactions. Photodetection is
also commontoquantum-stateengineering[2]andquantum
informationprotocols[3].Oneofthemostprominenteffects
that shows nonclassical behavior of a quantum emitter is a
phenomenon known as photon blockade [4–6], where a
coherent excitation of a cavity coupled to a highly nonlinear
quantum system, such as a single atom, quantum dot, or
superconducting qubit, generates an output train of single
photons. This photon statistics for the cavity output can be
investigated by measuring the intensity correlation function
gð2Þð Þ, whichdemonstratesthenonclassicalcharacterofthe
transmitted ﬁeld.
Recently, a new regime of cavity quantum electrody-
namics (cavity QED) has been reached experimentally
where the strength of the interaction between an emitter
and the cavity photons becomes comparable to the tran-
sition frequency of the emitter or the resonance frequency
of the cavity mode [7–12]. In this so-called ultrastrong
coupling regime [7,8,13–16], the routinely invoked rotat-
ing wave approximation is no longer applicable. As a
consequence, the number of excitations in the cavity-
emitter system is no longer conserved, even in the absence
of drives and dissipation.
In this Letter, we explore the photon statistics of the
output ﬁelds of a driven cavity QED system where a two-
level system (TLS) interacts with one cavity mode in the
ultrastrong coupling regime. Speciﬁcally, we show that the
standard photon blockade effect no longer persists, since
ultrastrong emitter-photon couplings enable processes
where a single photon that enters the cavity can generate
two or more output photons. Whereas such parametric
processes can of course occur for emitters with three or
more levels, we here show their existence for a two-level
system. We ﬁnd that the two Rabi-splitted resonances,
which are often termed upper and lower polaritons, exhibit
very different photon statistics. While excitation of the
lower energy peak provides output light which is both
sub-Poissonian and antibunched, as in the standard regime,
excitation of the higher energy peak results in the emission
of super-Poissonian and bunched light. The calculated
resonance ﬂuorescence spectrum shows that this result
originates from the activation of second-order nonlinear
optical effects which are absent in usual two-level atoms.
Such a process can result only from counterrotating terms
in the atom-cavity interaction Hamiltonian.
As a second main result, we ﬁnd that the time depen-
dence of photon-photon correlations gð2Þð Þ differs signiﬁ-
cantly from the standard photon blockade scenario. For
standard photon blockade, one ﬁnds gð2Þð0Þ 1 and os-
cillations with the Rabi frequency   of the laser drive for
 >0 (provided   exceeds the loss rates). The latter
emerge since a time    1 is needed to load the next
photon into the nonlinear cavity once a photon has left.
For the ultrastrong coupling regime, we ﬁnd oscillations at
a frequency of the order of the emitter-photon coupling
g    , i.e., much faster oscillations. These emerge since
upper and lower polariton excitations cannot be generated
independently.
Our ﬁndings can be measured in present day experi-
ments [7–12]. A particularly well suited technology for
such an experiment are superconducting circuits [17,18],
which have recently emerged as an exquisite platform for
microwave on-chip quantum-optics experiments. Even
though single-photon detectors in the microwave regime
are under current development [19,20], Glauber’s ﬁrst- and
second-order correlation functions have been measured
[21,22] by using quadrature amplitude detectors, and stan-
dard photon blockade at microwave frequencies [23] has
been observed.
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0031-9007=12=109(19)=193602(5) 193602-1  2012 American Physical SocietyInput-output relations.—Applying Glauber’s idea of
photodetection, we here introduce a full quantum theory
to study the photon blockade in the ultrastrong coupling
regime. This requires a proper generalization of the input-
output theory [24], since the standard relations would,
for example, predict an output photon ﬂux that is propor-
tional to the average number of cavity photons, i.e.,
ha
y
outðtÞaoutðtÞ i/h ayðtÞaðtÞi for vacuum input. Hence an
incautious application of this standard procedure to the
ultrastrong coupling regime would predict an unphysical
stream of output photons for a system in its ground state
which contains a ﬁnite number of photons due to the
counterrotating terms in the Hamiltonian. To remedy this
problem, a model which explicitly takes into account the
colored nature of the dissipation bath has been proposed
[25,26]. Yet such a procedure is numerically quite demand-
ing and would require the derivation (and also the time
integration) of four-time correlation functions for the cal-
culation of gð2Þð Þ.
Here we propose a different route going back to
Glauber’s formulation of photodetection [1]. By express-
ing the cavity electric-ﬁeld operator in the atom-cavity
dressed basis, we derive correlation functions for the out-
put ﬁelds which are valid for arbitrary degrees of light-
matter interaction in the cavity. The probability per unit
time that a photon be absorbed by an ideal detector is
proportional to hE ðtÞEþðtÞi, where E ðtÞ are the positive
and negative frequency components of the electric ﬁeld
operator of the output ﬁeld [1,27] and higher-order photon
correlation functions, e.g., read hE ðtÞE ðt0ÞEþðt0ÞEþðtÞi.
In circuit QED the same quantities are measured via output
voltages which are proportional to the electric ﬁelds.
To derive the appropriate input-output relations [24], we
assumeacavitythatis coupledtoaone-dimensionaloutput
waveguide via an interaction between the cavity ﬁeld
X and the momentum quadratures  ! of the waveguide
ﬁeld outside the cavity: HI ¼  c
R
d!X ! with  ! ¼
 i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
@!=4  ov
p
½a!ðtÞ a
y
!ðtÞ , where  c is a coupling
parameter and  o is a parameter describing the dielectric
properties of the output waveguide, v is the phase velocity,
and a! (a
y
!) are annihilation (creation) operators of the
ﬁelds outside the cavity. This form of the coupling applies
to optical implementations where the electric ﬁelds inside
and outside the cavity couple as well as to circuit QED
setups where voltages (and hence electric ﬁelds) of the
cavity and output line couple via a capacitance. For optical
realizations,  o is thus the permittivity and for circuit QED
setupsthecapacitanceperunitlengthoftheoutputline.We
deﬁne output (input) ﬁeld operators
aoutðinÞðtÞ¼
1
ﬃﬃﬃﬃﬃﬃﬃ
2 
p
Z
d!
ﬃﬃﬃﬃ
!
p
e i!ðt ~ tÞa!ð~ tÞ; (1)
where ~ t ¼ t1 !þ 1for the output ﬁeld and ~ t ¼ t0 !  1
for the input ﬁeld. With this deﬁnition, @ha
y
outðtÞaoutðtÞi is
proportional to the measured hE ðtÞEþðtÞi and describes
an energy ﬂux associated to the output light. The deﬁnition
of output ﬁelds as used in many textbooks (cf. Ref. [28]) is
recovered if all frequencies of the ﬁeld are very close
to a ‘‘carrier’’ frequency   !, and one may approximate ﬃﬃﬃﬃ
!
p
 
ﬃﬃﬃﬃ
!
p
in the integral kernel, which makes the ob-
served energy ﬂuxes proportional to photon number ﬂuxes.
Following the standard procedure, we obtain the input-
output relation
aoutðtÞ¼ainðtÞ i
 c ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8 2@ ov
p _ Xþ; (2)
where we have applied a rotating wave approximation to
HI, since !  j  c=ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8 2@ ov
p
Þj. One thus needs to ﬁnd
the positive frequency component of _ X according to its
actual dynamical behavior (cf. Ref. [29]) to compute the
proper output ﬁelds. We do this by expressing X in the
atom-cavity dressed basis. Importantly, in the ultrastrong
coupling regime, the positive frequency component of X is
not proportional to the photon annihilation operator a.W e
now turn to introduce our model.
Model.—We consider a coherently driven cavity QED
system with the most general linear coupling between a
single cavity mode and a TLS. Its Hamiltonian reads (we
set @ ¼ 1)
HS ¼ H0 þ Hdrive with
H0 ¼ !0aya þ !x þ   þ gða þ ayÞ
 ½ cosð Þ z   sinð Þ x : (3)
Here, H0 is the energy of the TLS described by the Pauli
operators  x;y;z [   ¼ð  x   i yÞ=2] and the cavity mode
with annihilation (creation) operators a (ay). g describes
the strength, and the mixing angle   the further properties
of the coupling between the TLS and the cavity mode. An
additional coupling term /ð a þ ayÞ y would not change
the physics, as it could be compensated for by a rotation
around the z axis. Hdrive ¼  cosð!dtÞða þ ayÞ describes
the coherent driving of the cavity mode with frequency !d
and drive amplitude  . The mixing angle   plays a crucial
role, since both the spectrum of H0 and the output photon
statistics strongly depend on its value. In particular, for
  ¼  =2 the Hamiltonian H0 conserves the parity of the
number of excitations in the system, whereas this is no
longer the case for      =2 [30–32]. The latter enables
transitions that are forbidden in the usual Jaynes-
Cummings (JC) model (cf. Fig. 1) and leads to novel
effects in the photon statistics. Note that for weaker cou-
plings (g   !0, !x) the term gða þ ayÞcosð Þ z can be
neglected in a rotating wave approximation and parity is
always conserved.
For describing a realistic system, dissipation induced by
its coupling to the environment needs to be considered.
Yet, owing to thevery high ratio g=!0, a standard quantum
optical master equation fails, as it would, for example,
predict that even zero temperature environments could
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193602-2drive the system out of its ground state. A viable descrip-
tion of the system’s coupling to its environment requires
a perturbative expansion in the system-bath coupling
strength. To accurately perform this expansion, we write
the Hamiltonian in a basis formed by eigenstates jji of H0,
denote the respective energy eigenvalues by @!j, i.e.,
H0jji¼@!jjji, and derive Redﬁeld equations [33]t o
describe the dissipative processes [34]. We choose the
labeling of the states jji such that !k >! j for k>jand
focus on a single-mode cavity and a T ¼ 0 temperature
environment. Generalizations to a multimode cavity and
T   0 environments are straightforward. Assuming aweak
laser drive,     g, !0, !x, and treating   perturbatively
to leading order (see Supplemental Material [35]), we thus
arrive at the master equation [36]
_  ðtÞ¼i½ ðtÞ;H S þLa ðtÞþLx ðtÞ: (4)
Here La and Lx are Liouvillian superoperators
describing the losses of the system where Lc ðtÞ¼
P
j;k>j 
jk
c D½jjihkj  ðtÞ for c ¼ a,    and D½O   ¼
1
2ð2O Oy    OyO   OyO Þ. Standard dissipators are
recovered in the limit g ! 0. The relaxation coefﬁcients
 
jk
c ¼ 2 dcð kjÞ 2
cð kjÞjCc
jkj2 depend on the spectral
density of the baths dcð kjÞ and the system-bath coupling
strength  cð kjÞ at the respective transition frequency
 kj ¼ !k   !j as well as on the transition coefﬁcients
Cjk ¼  ihjjðc   cyÞjki (c ¼ a,   ). These relaxation co-
efﬁcients can be interpreted as the full width at half maxi-
mum of each jki!j ji transition. As we consider a cavity
that couples to the momentum quadratures of ﬁelds in one-
dimensional output waveguides, we assume the spectral
densities dcð kjÞ to be constant and  2
cð kjÞ/ kj. Hence
the relaxation coefﬁcients reduce to  
jk
c ¼  c
 kj
!0 jCc
jkj2,
where  c are the standard damping rates of a weak
coupling scenario. In Eq. (4), contributions of dephasing
noise were omitted, as these only lead to very minor
quantitative modiﬁcations of our ﬁndings; see Supplemental
Material [35].
Results.—According to the input-output relation (2), the
photon statistics of the output light is, for input ﬁelds in
vacuum, equal to
gð2Þð Þ¼lim
t!1
h _ X ðtÞ _ X ðt þ  Þ _ Xþðt þ  Þ _ XþðtÞi
h _ X ðtÞ _ XþðtÞi2 ; (5)
where X ¼  iX0ða   ayÞ. We thus compute gð2Þð Þ from
the stationary state solution of Eq. (4). To separate _ X into
its positive and negative frequency components _ Xþ and
_ X , we expand it in terms of the energy eigenstates jji and
ﬁnd _ Xþ ¼  i
P
j;k>j kjXjkjjihkj, where Xjk ¼h jjXjki
and X  ¼ð XþÞy. Note that Xþj0i¼0, for the system
ground state j0i in contrast to aj0i   0.
Figure 2(a) shows gð2Þð  ¼ 0Þ for !x ¼ !0,  a ¼  x ¼
10 2!0,   ¼ 10 4!0, and g ¼ 0:2!0. The blue dashed
line represents gð2Þð0Þ for the parity conserving model (  ¼
 =2), where a suppression of the probability to measure
two photons per count is evident for the two polaritonic
peaks. This has the standard explanation that only
one photon at a time can be absorbed on the respective
transitions due to the nonlinearity of the system. Instead,
the strong bunching between both polaritonic peaks
(!d   !0) is due to the simultaneous excitation of both
polaritons. By varying  , we observe a new and anomalous
effect. For   ¼ 0:93 the expected antibunching for the
higher frequency dip (!d   1:18!0) disappears and turns
into a pronounced bunching [gð2Þð0Þ 5:6]; cf. Fig. 2(a).
We ﬁnd a similar behavior for lower values of  .
An explanation of this exotic behavior can be found
from the dynamics of the decay and excitation mecha-
nisms, where it is crucial which transitions between energy
levels exhibit radiative decay. To probe the latter, we
calculated the incoherent part of the scattered light, i.e.,
the resonance ﬂuorescence spectrum, which reads
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FIG. 2 (color online). Emission characteristics of our system.
(a) gð2Þð0Þ as a function of the frequency !d of the coherent drive
for   ¼ 0:93 (red solid line) and   ¼  =2 (blue dashed line).
(b) Resonance ﬂuorescence spectra calculated for a driving ﬁeld
tuned with the transition j0i!j 1i, i.e., the lower polariton
(green dashed line), and with the transition j0i!j 2i, i.e., the
upper polariton (orange dash-dotted line), for   ¼ 0:93. The
remaining parameters are !x ¼ !0,  a ¼  x ¼ 10 2!0,   ¼
10 4!0, and g ¼ 0:2!0 for all plots.
FIG. 1 (color online). Energy spectrum of H0 as a function of
the coupling strength for   ¼  =2 (left panel) and   ¼ 0:93
(right panel). In both panels !x ¼ !0. The vertical line marks
the coupling strength (g ¼ 0:2!0) that is used in what follows.
For   ¼  =2 the level structure is analogous to that of the JC
model. The arrows indicate possible transitions of radiative
decay.
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193602-3Sð!Þ/lim
t!12<
Z 1
0
h _ X ðtÞ _ Xþðt þ  Þiei! d  (6)
for input ﬁelds in vacuum. Here < denotes the real part.
For a weak excitation density Sð!Þ is proportional to the
emission. Figure 2(b) shows the resonance ﬂuorescence
spectrum for a weak driving ﬁeld resonant with the tran-
sitions j0i!j 1i (bluedashed line) and j0i!j 2i (red solid
line). The ﬁrst case exhibits a single peak of typical
Lorentzian shape reminiscent of a weakly driven TLS.
Here, only level j1i is efﬁciently excited due to strong
nonlinearity, and hence emission predominantly occurs
on the transition j1i!j 0i. Instead, when the system is
resonantly excited on the j0i!j 2i transition, the reso-
nance ﬂuorescence displays a triplet structure. These peaks
arise from the j2i!j 0i, j2i!j 1i, and j1i!j 0i transi-
tions. This triplet is a peculiarity of the interaction terms
proportional to  z in H0, for which the matrix elements Xþ
jk
for all involved levels j, k ¼ 0, 1, 2 are nonzero and thus
enable parametricmultiphotonprocesseswithprobabilities
proportional to jXþ
jkj2. Here we create an excitation in level
2 by resonantly driving the j0i!j 2i transition, and the
system can decay via the cascade j2i!j 1i!j 0i, which
gives rise to the bunching effect observed in gð2Þð0Þ;
cf. Fig. 2(a). Whenever   ¼  =2, the standard dipolar
selection rules as in the JC model are recovered, and
only transitions between states that differ by one excitation
number are allowed. Hence, there is no radiative decay on
the j2i!j 1i transition, and gð2Þð0Þ shows the character-
istic antibunching even if we drive the system resonantly
with j0i!j 2i [blue dashed line in Fig. 2(a)].
Moreover, driving the j0i!j 2i transition triggers os-
cillations of gð2Þð Þ between bunching and antibunching
values at a frequency  21 as shown in Fig. 3. Such oscil-
lations also appear in a driven Jaynes-Cummings system
albeit at much smaller amplitude but are absent for a single
driven two-level atom. Their appearance can be explained
by the presence of different types of excitations. For a two-
level atom there is only one type of excitation with one
resonance frequency in the system. Hence all dynamics in
gð2Þð Þ is due to loading and emission processes only. For a
driven Jaynes-Cummings system, there are two types of
excitations, the lower polaritons and the upper polaritons
which differ in frequency by  21   2g, and one sees
oscillations of this frequency in gð2Þð Þ. Yet if one drives
one of the Rabi peaks, only one polariton species is pre-
dominantly excited, and the amplitude of the oscillations is
verysmall.Incontrast,ifonedrivesthesystemofEq.(3)in
the ultrastrong coupling regime on the transition j0i!j 2i,
one always signiﬁcantly excites two excitations species
whose frequencies differ by  21, which in turn causes
oscillations of large amplitude in gð2Þð Þ. Oscillations of
the same frequency also appear in gð2Þð Þ for !d ¼ !01
[cf. Fig. 3 (blue dashed line)] but are much smaller in
amplitude as the level j3i is barely excited. The appearance
of these pronounced oscillations can thus also be traced
back to parametric processes enabled by the ultrastrong
coupling strength.
Circuit QED implementation.—We ﬁnally discuss
an experimental setup with superconducting circuits that
is ideally suited for observing our ﬁndings [37]. The
Hamiltonian of Eq. (3) is realized in a coplanar waveguide
that is galvanically coupled to a ﬂux qubit [8]. In this
implementation, the mixing angle   is related to the bias
ﬂux through the qubit loop. For ultrastrong couplings, a
description with a TLS and a single cavity mode is a valid
approximationprovided the ﬂuxthreadedthroughthequbit
loop is chosen such that cos  & 0:48; see Supplemental
Material [35].
Conclusions.—We have explored the output photon sta-
tistics of a driven cavity QED system that operates in the
ultrastrong coupling regime. We ﬁnd that the prominent
photon blockade does not persist in its known form for
such strong couplings, since parametric processes emerge.
For efﬁcient coupling between cavity and output modes,
the latter could be exploited for building high yield para-
metric down-converters [38]. Generalizations of our study
to frequency-resolved detection [39] and multicavity de-
vices [40] would form interesting perspectives for future
research.
This work is part of the Emmy Noether Project No. HA
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